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1 Introduction

The study of central L-values associated with quadratic characters is an active topic. The extreme values
of the quadratic Dirichlet L-functions at the central point was studied by Heath-Brown (unpublished
manuscript, see [3]) and Soundararajan [10]. Hoffstein and Lockhart [3] extended Heath-Brown’s idea to
prove a result of quadratic twists of any modular form. In this paper, we establish a result of extreme
central L-value for almost prime quadratic twists of an elliptic curve E, motivated by the application
to the extreme values for the orders of the Tate-Shafarevich groups in the quadratic twist family of an
elliptic curve, under the Birch and Swinnerton-Dyer conjecture. For the proofs, we use the methods in
Soundararajan [10] and Radziwilt and Soundararajan [9].

Let E be an elliptic curve defined over Q with conductor N, and the associated normalized Hasse-Weil
L-function is

L(s,E) = Z a(n)n™®, Re(s) > 1, (1.1)

where “normalized” means the center of the critical strip is s = 1/2, so its coeflicients satisfy |a(n)| < 7(n)
for all n. Here 7(-) is the divisor function. We have the completed L-function

A(s, E) = (g)sr(w ;)L(S,E), (1.2)
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which has an analytic continuation to the entire complex plane and satisfies the functional equation
A(s,E) =egA(l — s, E) (1.3)

with the root number eg = £1.

Let d be a fundamental discriminant with (d,2N) = 1, and xq = (¢) be the associated primitive
quadratic character. We have the quadratic twist of the elliptic curve F by x4(:), denoted by E4. The
twisted L-function is

Lis,Ea) = 3 aln)ya(m)n™, (1.4)
n=1
and the conductor of Eg is Nd?. The associated completed L-function is

A(s, By) = <‘/Z|d|>sr <s+ ;)L(S,Ed), (1.5)

which also has an analytic continuation to the entire complex plane, and satisfies the following functional
equation

A(s, Ea) = ep(d)A(1 — s, Eq), (1.6)

with the root number
eg(d) = egxa(—N). (1.7)
Waldspurger’s theorem tells us that for all fundamental discriminant d we have L(%,Ed) > 0, and
L(%,E4) = 0 when €g(d) = —1. We should restrict attention to those quadratic twists which have root

number 1. Let
Q := {d : fundamental discriminant d with (d,2N) =1, and eg(d) = 1}.

Let No = [8, N]. Let € € {£1} and a (mod Ny) denote a residue class with a =1 or a =5 (mod 8). We
assume that € and a are such that for any fundamental discriminant d of sign ¢ with d = a (mod Ny),
the root number eg(d) = 1. Define

Qa,e) :={d€Q:d=a (mod Ny), ed > 0}.

For a fixed a, the local L-function Ly, (s, E4), which is defined as

—~ a(n
Lno(s,Ea) = Y ( )Xd(n) (1.8)
n=1
pln=-p|No
for Re(s) > 0, should be a constant function of d when d € 2(a, 1), and we denote its value as L,(s).
In this paper, our main result is the following theorem.

Theorem 1.1.  Suppose the notions as above. For any fizved integer W = 20, we have

1 ~19. VIog X
max L5 B) > exp( (22973 o)) o8 X (1.9)
deQ(a,e) 2 22W +12 Vloglog X

1X<ldI<3X

w(d)<W

and
1 —19. Vl1og X
min  L( L E) <exp( - (2 L2101 gy Vs X ) (1.10)
deQ(aye) 2 22W 4+ 12 vl1oglog X

3 X<|dI<5X
w(d)<W

Here w(d) is the number of distinct prime divisors of d.
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Remark 1.2. One may use more complicated sieve methods and metaplectic techniques to allow
smaller value of W. Hoffstein and Luo [4] proved the nonvanishing result for this family with d having
no more than 4 prime factors. In the Goldbach problem, Chen [1] proved that any sufficiently large even
integer can be represented as a sum of a prime and the product of at most two primes. One may also
extend our results to the GL(3) case. See, for example, Hua and Huang [5].

Our motivation of this paper is to understand the extreme large values of |III(Ey)|, the order of
Tate-Shafarevich group of E,4, under the Birch and Swinnerton-Dyer conjecture. For d € €2, let

L ]- |E ((@)tors‘2
S(Eq) =L (2’ Ed) Q(Ej) Tam(E,)’

where | E4(Q)tors| denotes the size of the rational torsion group of Ey4, Q(FEy) is the real period of a minimal
model for Ey, and Tam(Ey) = [], T(d) is the product of the Tamagawa numbers. We have T),(d) = 1
for p t dNy, T,(d) is fixed for p | Ny even if d changes, and T,(d) € {1,2,4} for p | d. If L(3, Eq4) # 0,
then the Birch and Swinnerton-Dyer conjecture predicts that S(E4) = |III(E4)|. It is natural to prove
the extreme large value of S(E4) by using L(1/2, E4), but Tam(E;) may be large. Indeed, Tam(Ey) may
have the same order of magnitude as 7(d)?, and from Theorem 5.4 of [11] we know 7(d) has the extremal
large order as exp(log 2 log d ). To obtain the extreme large values of the order of the Tate-Shafarevich

log log
group, we may only consider d’s with w(d) < 1, so that the effect of Tamagawa numbers in S(E;) is

negligible. We have the following result.

Theorem 1.3.  Suppose the notions as above. For any fired W > 20, we have

W —19.73 Jog X
S(Eq) = VX o /0 oy ) e 1.11
Jaex S(Ed) P (( IS TR )> s/loglogX) (L11)

3X<|dI<5X
w(d) KW

as X — oco. If the Birch and Swinnerton-Dyer conjecture for elliptic curves with analytic rank zero holds,
then we have similar results for |IL(Ey)|.

Proof of Theorem 1.3 under Theorem 1.1.  Mazur [7] showed that 1 < |Eq(Q)tors| < 12. The real
period Q(E,) satisfies

u(d

o) = Do)

V1]
with some @(d) € 37Z determined by E and d, and from Proposition 2.5 of [8] we know that, for square-
free (d,2N) = 1, 4(d) = u(1) is a constant determined by E. When w(d) < W for W fixed, we have
1 < Tam(Ey) =[], T(d) <g,w 1. By Theorem 1.1, we complete the proof. O

The rest of this paper is organized as follows. In Section 2, we introduce some notation and present
some lemmas that we will need later. In Section 3, we combine the resonance method in Soundararajan
[10], results in Radziwill and Soundararajan [9] and the sieve method to prove Theorem 1.1.

2 Notation and preliminary results

Let ® be a smooth non-negative Schwartz class function supported on [1, 2] with ®(z) =1 for z € [1,2],
and for any complex number s let

d(s) = /000 O (z)x dx. (2.1)

Let L(s,sym? E) be the symmetric square L-function of E and L,(s,sym? E) be its local Euler factor at
Pp.
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Lemma 2.1 (See [9, Proposition 1]).  Let n and € be positive integers with (n,€) =1, (nf, No) =1 and
¢ square-free. Suppose that £r/n < X3¢, If n is a square, then

= won(d) w01 (1) () o e

deQ(a,e) plné ptNo
\d
If n is not a perfect square, then
€d ;Jrg
> xa(n)® ¥ ) = 0=+ /m). (2.3)
deQ(a,e)
o)d

Lemma 2.2 (See [9, Proposition 2]).  Let u and £ be positive integers with (u,f) =1, (ul, Ng) =1 and

{ square-free. Define
seun= Y (5B uwe($). (2.4

deQ(a,e)
¢|d

Write u = uyu3 with uy square-free. Then for any € > 0,

2X . 1 7 3 1
S(X;u,l) = Cll(ul)(I)(O)La()L(l,sme E)G(1;u,0) + O(Xg'“ugﬁ)7
Equo 2
where G(1;u,£) =[], prime Gp(1;u,€) and
Ly(1,sym* B) ™", p | No,
1\ 2
<]- - > ) p | Uy,
p
Gy(L;u, ) = 1 1 2.5
2 ) (1—)(1—2>, | ul but ptu, (25)
p p
2 2 2
<1 1> <1+1<1 %> (1 - 5”) +1>, ptubNy.
p p p p p

Here we write a(p) = ap + Bp with a8, =1 and |oy| = |8yl =1 for pt N.
We can write G(1;u,f) as C(E)h(u)h(f), where C(E) is a constant and h and h are multiplicative
functions with h(p*) = 14+ O(1/p), h(p) =1+ O(1/p) and 0 < h(p), h(p), h(p?) < 1. More precisely, let

prime

where
LP(17Sym2 E)_la p‘ N07

N (DD e

1 2 2 1 -1
(1+<10‘P><1ﬂp>+> , if k is odd,

p p p p

1 1 o2 2 1 -1
(1+)<1+(1_p><1—ﬁp)+> , if k is even,

p p p p p

= (o030

(2.7)
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Note that we have L, (3)L(1,sym? E)C(E) > 0.
We will need a strong version of the prime number theorem of an elliptic curve L-function.

Lemma 2.3 (See [6, Corollary 1.2]).  For an elliptic curve E as before, we have

> a(p)®logp =z + Op o(x exp(—cy/log z)).

pPST

Let A = (a,) be a sequence of non-negative reals, and P be a fixed set of primes. Let £ be a square-free
number. Write | A,| = Zan an, and a non-negative multiplicative function g(¢) satisfying

0<g(p) <1.
Let X be a handy approximation to |A|, and let r; be defined by
[Ae] = g(O)X + 1.

Let
S(Az)= > an

(n,P(2))=1

P(z) = H p.

peP
p<z

where

We will use the following lower bound of the linear sieve.

Lemma 2.4 (See [2, Theorem 11.13]).  Suppose the notions as above. Assume that g(£) satisfies

II =9 < (llsgg;) <1 + loéw) (2.9)

wLp<z

peEP
for every 2 < w < z, where L > 1 is constant. Then for s = 1&2? > 2, we have
S(A,z) < XV(2)(F(s) + O((log D)~ %)) + R(D, 2), (2.10)
S(A,2) 2 XV (2)(f(s) + O((log D)%) — R(D, 2), (2.11)

where

V() =[] (1 -9,

pEP
Pz

F(s) and f(s) are defined by the following system of differential-difference equations

sF(s)=2e¢”, 1<s<3,

{Sf(s) =0 s=2 (212)
(sF(s)) = f(s—1), s>3, (2.13)
(sf(s)) =F(s—1), s>2, ’

v is the Euler constant, and

R(D,z)= Y |rdl.
{|P(2)
<D

In particular, we have f(s) >0 if s > 2 and F(s) = O(1) if s > 1.
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3 Proof of Theorem 1.1

Let M < X227¢ be large. We set £ = /log M log logM and choose the resonator coefficients b*(m) to

be a multiplicative function with b* (p) = if(logp for £2 < p < exp((log £)?), and b* (p?) = 0 for all other
primes when a = 1 and all primes when a > 2. Let
RE(d):= > bE(m)xa(m). (3.1)
odd m<M

Define the congruence sums

1 ed
+ +/7\2
= L{-.F — .
Cfae( ) Z <2a d)R (d) (P(X) (32)
deQ(a,e)
d
Lemma 3.1.  Suppose the notations as above. We have

Crrae(X) = g1 (00X + 17, (X),

where

X= 1] +6=@)*h0?) + 2a(p)b* (p)h(p)p~?)
ptNo

gf (€) are multiplicative functions supported on square-free numbers with

h = = _1._
g1 (p) = S))(l + b7 (p)*h(p?) + 2a(p)b™ (p)h(p)p~2) " (3-3)
when (p,No) =1, and gli(p) =0 otherwise, and
log M Tigqa 10,1
Tz:a,e(X) < giﬁ(ﬂ)XleXp((lgg]ig]Wﬂ) +Xg+ M7 /px, (34)

Proof.  Let M and X be large enough such that all prime factors of Ny are strictly smaller than

L = +/log M loglog M.

By (3.1), (3.2) and Lemma 2.2, we have

Ch )= XX mtn) S 158 atmmae( )

my,maSM deQ(a,e)
(m1ma2,€Ng)=1 2ld
(d,mimo)=1
h(0)2x | ,
=N @(O)La(2)L(1,sym E)C(E)

~ af (NTI$2)2) 7
x D2 ma)h(mime) —i Sy
( mimeo )E
mi,ma <M (mlﬂnz)z
(mlmQ,ZNo):1

Here we have used the fact x4(m) = 0 when (m,d) # 1. Note that m; and mg in the above sums are
square-free. We write my = gr and my = ¢s with (¢,7) = (¢q,s) = (r,s) = 1, getting

o Grrmay?)

SOST b (ma)bE (ma)h(mums) —
m1,ma<M ((ml,mz)2 ) 2

(mlmg,éNo):l
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= DD BH@h(@)a(r)b* (r)h(r)a(s)b (s)h(s)(rs) 2. (3.5)

(g,r)=(g,8)=(r;s)=1
qr,qs<M
(gqrs,tNp)=1

The above sums without the restrictions gr,gs < M are

YD vH@hlgP)alr)bt (r)h(r)a(s)b* (s)h(s)(rs) 2

(g;r)=(g;8)=(r,5)=1
(grs,¢No)=1

= [T @+ @) + 2a(p)b* (p) h(p)p~2). (3.6)

p{tNo

By using the symmetry of ¢gr and gs, the difference between (3.5) and (3.6) is bounded by

YD H@h(e)alr)bt (r)h(r)a(s)b* (s)h(s)|(rs) 2.

(g,m)=(g,8)=(r,5)=1
qr>M
(qrs,¢Np)=1

By using Rankin’s trick, for any « > 0, the above sum is

<M 33T (@) h(eP)alr)bE (r)h(r)a(s)bE (s)h(s) g2 s

(a:)=(g.5)=(r.5)=1
(qrs,tNo)=1

<M~ I @+ 6 0)*hp*)p" £ ap)b™ (p)h(p)p~* (1 + %), (3.7)
pteNo

because |a(p)b* (p)| = +a(p)b*(p). Taking a = (log £)~3, we may see the ratio of the error term (3.7) to
the main term (3.6) is

<M~ T @+ 65 (0)%h(p*) (" — 1) + a(p)b* (p)h(p)p~ 2 (£(1 + p*) — 2))
pt€No

con(cobmie ¥ (SE((E )ieone))

L2<p<exp((log £)?

coo(—owsis T (SRS (oGt )) 4 )

L£2<p<exp((log £)?)

N log M
loglog M

<K exp < —

with some calculation using the prime number theorem in Lemma 2.3. Thus

Ot 00 =" TL 45 0Ph06%) + 20 )ip)p ) 5 B0)L (3 ) 0L sy EYC(E)

Ny 2
PHENo
log M
1 - XEtep T a
(0w (- i) rooEarte
This completes the proof of the lemma. O

Lemma 3.2. Let P = {p: p prime and pt No}. Let X > 10 be sufficiently large and e € (0,1/1000)
be sufficiently small. Let D > X¢ and M > X°¢ satisfy that DM’ < X107¢. Then for z < DY?7¢ we
have

U\ pr e () o X ) 4 2005
> iym)r (d)@(X)»lOgZH(Hb (BPR) + 20(0)b* ()EEIP ).
deQ(a,e) ptNo

(d,P(2))=1

> o5 B ) @Pe () < o rN[ (145 (0)?h(?) + 2a(p)b™ (p)h(p)p™

deQ(a,e
(d,P(2))=1

Nl=

).
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Proof.  Recall 0 < h(p), h(p), h(p?) < 1 and |a(p)| < 2. For any z and w we have

PR h(p)
H (1-91(p) p+bE(p h( 2)p —|—2a(p)bi(p)/~1(p)p% —h(p)>

wp<Lz w<p<z <
pEP ptNo
1
o (R T e——
wEp<z w<p<z P~ Togp ~ (logp)Z —
ptNo PtNo
b* (p)=0 bE (p)#£0
4c 4,2
1 fogp 1 Togn)? L L2
< II (1+ 1) 11 <1+1g”2“g”)2(1+0( T 2)))
w<p<z P=2) w<p<n p plogp ~ p(logp)
PtNo b (p)#0
1 4 1
T L (ol
w<p<z p—1 w<p<z p(logp) (logp)
bE (p)#0
1 L
< ) (142 (3.9)
logw logw

for some absolute constant L; > 1. For the third inequality, we have used the fact p > £2 when b (p) # 0.
We will apply Lemma 2.4 with

1 n
L(=,E., |R(en 2@(), en=d e Qa,e),
an = <2 > ™\ x (@e) (3.10)
0, otherwise,

and g(¢) = g (¢) and ry = rfays(X) in Lemma 3.1. Note that we have

Y e (X)) = 0(X1(log X)~)

(<D
n(0)?=1

for any large A, when DM < X10° and M > X°. Assume z < D'/27¢. Then 82 > 2 By using

log z
Lemma 2.4 with P(z) = [[p<= p, we have
ptNo

> L<;,Ed>R+(d)2q><§?) > X [0 -9 @)

deQ(a,e) p<z
(d,P(2))=1

> % H (14 0% (p)*h(p?) + 2a(p)bT (p)h(p)p~2)
ptNo
and
2 LGE) R‘<d>2‘1’<§?) <[]0 -0 ()

deQ(a,e)
(d,P(z))=1

Here we have used the fact

10 =9 () =< 1/log 2.

p<z

This completes the proof of the lemma. O
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Lemma 3.3. Let P = {p: p prime and pt No}. Let X > 10 be sufficiently large and € € (0,1/1000)
be sufficiently small. Let D > X¢ and M > X°¢ satisfy DM? < X:7¢. Then for = < DY27¢ we have

> (k) < (vt
deQ(a,e) 1Og p+1

(d,P(z))=1

ed
2
q><> (1 s )
deQ(a o X log z p+1

(d,P(z))=1

Proof.  Define the congruence sums

ed
Df, (X)= > Ri(d)%(X). (3.11)
deQ(a,e)
2)d

By (3.1) and Lemma 2.1, we have

DZa,e(X) = Z bi(ml)bi(m2) Z Xd(mlmg)q)(Ed>

X

m1,ma <M deQ(a,e)

o|d
1 X 1\ " p ;
=l—+-20 ][ (1 - ) > vEm?P [ = +oPx ). (3.12)
1 No¢(2 2 1
ol p+ OC( ) PN p ( %EMD p\mp+
m, 0=

Rankin’s trick shows that for any o > 0, we have

Y m)? [ = I (r+ ) vo( e T (r+ vt 2= ) ). (313
(m) P (+ (;D)pH + 5P T (3.13)
(mwzﬁole) pim PN piEo

Take a = (log £)~3. Then by using Lemma 2.3, we see the ratio of the above error term to the main
term is

<M 1] (1 + b5 (p) 2 2 (p* — 1))
pt¢No p

<<exp<—alogM+ Z (a(p)zﬁZ(Pa—l)>)

2 <p<onlog ey \PUO8P)
2

<<exp(—0410gM+(1()§£)3£ > ;ffg)jﬁ(l—'—O((li;ggg)))

log M
< exp ( - ailog logM> (3.14)
Then we have
1 X . 1\ ! D

+ + 2
L =Tl @ 1 (12) I (1o 25)

e PEINC@) TSR N P e, ptl

log M 1.
(1 0(o (- ogragans))) o0 (8.15)

We define the multiplicative functions gzi supported on square-free numbers as

50 = g (14002 )

p+1 p+1



2764 Hua S H et al. Sci China Math  December 2023 Vol. 66 No.12

when (p, No) = 1, and g5 (p) = 0 otherwise. Hence

Dy o (X) = g3 ()X + 15, (X),

where )
X . 1Y P

Xy = ¢(0) [ (1 - 2) 11 (1 + bi(p)2>

No¢(2) PINo P plive p+1

and lou M
=+ _ + 0og 3vyvite
X)= 0)X: - M°X .
300 =0 (s 0mem (- it ) + i)
Let P = {p : p prime and p t Ny}, and recall |a(p)| < 2. Then for any z > w > 2 we have
1
0 a-ser= I (14 m0m)
w<p<z w<p<z p+ b (p) p
pEP pINo
1
6
wp<z p
PINo
1 L
<222 ) (14 2 (3.16)
log w log w

for some absolute constant Ly > 1. We will apply Lemma 2.4 with

Ri(m)z@(;), en=d e Qa,e), (3.17)

ap =
0, otherwise,

g([) = 93: (8) and Te =Ty g( ) We have

D I3 (X)) = O(Xz(log X)~*)

¢<D
n(£)*=1

for any large A, when D < X2°M3 and M > X°. Assume z < D'/27¢. Then log D/log z > 2. By
Lemma 2.4 with P(z) = [[p<= p, we have
PIN

0

> ware(f) <alfo-ge <o I (1ererty) e

deQ(a,e) p<z ptNo
(d,P(z))=1
and J x
R (@2 ) > [a-g 1+ b (p)2—2— 3.19
> ware(g)allo-se) > oo I (1erer ). e
deQ(a,e€) p<z ptNo
(d,P(2))=1
as claimed. Here we have used the fact that [] __(1 — g5 (p)) < 1/log 2. O

Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1.  Fix an integer W > 20. Let X be large enough,

_ 08D o3, Do XS < XH e and 2= X e,

~ logz

Then we have [lﬁ)ggf] =W. Let

W—19.73 W—19.73

M= X=wiz X2 SD 11 = X mwin ¢, (3.20)
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Thus by Lemmas 3.2, 3.3 and 2.3, we have

1 1
max L(=,FEq]| > max L =, FEy
deQ(a,e) 2 deQ(a,e) 2

1x<|dl<Ex IxXgldI<sx
w(d)<W (d,P(2))=1
> > oL L R*(d)*® od > RT(d)® o
- 2’ X X
deQ(a,e) deQ(a,e)
(d,P(2))=1 (d,P(2))=

> II  (+2e@b @hep?)

h
L2<p<exp((log £)?)

> exp (2£ Z
:exp(<2 W19-73+o<1>> viog X )

L2 p<exp((log 5)2

22W + 12 vl1oglog X
and
. 1 . 1
min Ll =,E;) < min Ll =, Ey
deQ(a,e) 2 deQ(a,e) 2
1X<|d<EX 1X<ld<EX
w(d)<W (d,P(2))=1
< > oL e R™(d)*® od > R(d)°® od
h 2 X X
deQ(a,e) deQ(a,e)
(d,P(z))=1 (d,P(z))=1
_ 7 _1
< 11 (1+ 2a(p)b™ (p)h(p)p~?)
<p<exp((log £)*)
2
<<exp(—2£ Z al(p) )
r2<p<enp((og 0)2) P08

W —19.73 Vlog X
=exp| — 24/ = +0(]) | — ).
22W + 12 vl1oglog X

This completes the proof of Theorem 1.1.
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